By using a representative volume element (RVE) approach, this paper investigates the effective mechanical properties of anisotropic magnetorheological elastomers (MREs) in which particles are aligned and form chain-like structure under magnetic field during curing. Firstly, a three-dimensional RVE in zero magnetic field is presented in ABAQUS/Standard to calculate the macroscopic mechanical properties of MREs. It is shown that the initial shear modulus of MREs increases by 56% with a 20% volume fraction of particles compared to that of pure rubber. Then by introducing the Maxwell stress tensor, a two-dimensional plane stress RVE for the MRE is developed in COMSOL Multiphysics to study its response under a magnetic field. The influences of magnetic field intensity, radius of particles, and distance between two adjacent particles on the macroscopic mechanical properties of MRE are also investigated. The results show that the shear modulus increases with the increase of the applied magnetic field intensity and the radius of particles and the decrease of the distance between two adjacent particles in a chain. The predicted numerical results are consistent with theoretical results from Mori-Tanaka model, double inclusion model, and dipole model.
Introduction
Increasing interest in magnetorheological elastomers (MREs), in which micron sized ferrous particles are dispersed in soft matrix such as rubber, is driven by their unique property of magnetic-mechanical coupling [1] [2] [3] [4] . This kind of material renders changeable shear modulus with various applied magnetic field. MREs have many advantages such as good stability, controllability, reversibility, and fast responsiveness and are thus widely applied in variable stiffness devices. In recent years, many researchers have focused on MREs. Gong et al. [5] [6] [7] [8] carried out an investigation on preparation and application of MREs. Dorfmann and Ogden [9] developed constitutive models for MREs under finite deformation. Besides, theoretical dipole model, which takes into account the magnetic dipole interaction between two adjacent particles in a chain, was widely used to study the mechanical properties of MREs [10] [11] [12] [13] . Because of the complexity involved in magneticmechanical coupling, few studies on the macro-/microscopic mechanical properties of MREs were carried out based on finite element method (FEM).
In order to study the unique response of anisotropic MREs, the property of a field under localized and microscopic condition has to be homogenized to get macroequivalent properties. Therefore, both macro-and microscales should be considered. This paper aims to study the effective mechanical properties of anisotropic MREs by using FEM. A threedimensional representative volume element (RVE) with microscale for the MRE is developed in ABAQUS/Standard and solved by assigning periodic boundary conditions to obtain its macroscopic mechanical properties with no field applied. Secondly, by introducing the Maxwell stress tensor, a two-dimensional plane stress RVE for the MRE is developed in COMSOL Multiphysics to study its response under a magnetic field. Finally, influences of magnetic field intensity, radius of particles, and distance between two adjacent particles in a chain on the macroscopic mechanical properties of MRE are also investigated.
Basics of MRE Composites with Periodic Structures

Microstructure of MREs.
MREs consist of micron sized silicon rubber matrix and magnetizable carbonyl sphere particles (about 3 to 5 m). They are classified into two parts: isotropic MREs (Figure 1(a) ) and anisotropic MREs (Figure 1(b) ).
Governing Equations.
Several methods can be used to compute the magnetic force, for example, the Lorentz, the Maxwell stress tensor, and the virtual work method [14] . For numerical simulation without electric current, the Maxwell stress tensor is a mature way and is widely used [15] [16] [17] [18] . Cauchy's equation of continuum mechanics reads
where is density and r is the coordinates of a material point, T is the stress tensor, and f ext is an external volume force such as gravity (f ext = g). In the stationary case, there is no acceleration, and the equation representing the force balance is
In certain cases, the stress tensor T can be divided into two parts. One depends on the electromagnetic field and the other is the mechanical stress tensor:
It is sometimes convenient to use a volume force instead of the stress tensor for the electromagnetic induced stress tensor T EM :
Then (2) can be rewritten as
The expressions for the stress tensor in a general electromagnetic context stem from a fusion of material theory, thermodynamics, continuum mechanics, and electromagnetic field theory. With the introduction of thermodynamic potentials of mechanical, thermal, and electromagnetic effects, explicit expressions for the stress tensor can be derived in a convenient way by forming the formal derivatives with respect to different physical fields [19, 20] . Alternative derivations can be made for a vacuum [21] . But it is difficult to polarize and magnetize materials. In general, an elastic solid material of that is dielectric and magnetic (nonzero M). The stress tensor is given as
where B is the magnetic flux density, M is the magnetization vector, I is the identity matrix, and 0 is the magnetic permeability of vacuum, which is 4 × 10 −7 H/m. Thus the Maxwell stress tensor can be applied on the boundary of iron particles to obtain the coupling of stress and magnetic field.
Representative Volume Element and Periodic Boundary
Conditions. In the theory of composite materials, representative volume element (RVE) is the smallest volume over which a measurement can be made that will yield a value representing the whole. Periodic boundary conditions (PBC) are often used to simulate a large system by modeling a small part that is far from its edge. Many researchers [22] [23] [24] studied PBC and proved that PBC ensure the continuity of the deformation field. Because PBC will be applied to RVE models in FEM simulations, it is also required that RVE models have periodic microstructures. That is, if a particle intersects the RVE surface, it must be split into an appropriate number of parts and copied to the opposite sides.
The interface between every two adjacent RVEs must have the same displacement and stress field, that is, satisfying the continuity conditions of stress. For a given average deformation gradient F applied to the RVE model, the PBC can be represented by the following general format [25] :
where Q 1 and Q 2 are the nodes of the opposite adjacent faces, I is the identity matrix, V is the force applied on the node, and X and x denote the position vectors of a material point in the original (undeformed) and deformed configuration, respectively. When the opposite faces are parallel, from (7),
] is a constant. We can use an equation constraint to realize (7) in FEA software. It can be proved that when (7) is satisfied, then (8) is also satisfied. If (7) and (8) are contented, the average mechanical properties from the RVE are those of the whole MREs.
Approaches for Macromechanical Property Prediction.
There are two ways to get the macromechanical properties of composites. One is the direct FEM; the other is mean field homogenization. FEM is based on a RVE and gives accurate and detailed microfield. The second approach is based on the theory of Eshelby inclusion of various approximate models [26] , such as the self-consistent model, generalized selfconsistent model, Mori-Tanaka model [27] , and double inclusions model [28] . It only gives approximations to the volume averages of stresses and strains, either at the macrolevel or in each phase. With the development of FEM, the first approach is widely used [29, 30] and can get accurate results than the second way. In this paper, the Mori-Tanaka model and double inclusion model in the absence of an effective magnetic field are used and compared with the FEM. In the case of a magnetic field, numerical FEM simulation based on the RVE is selected.
Material Description of the MRE
Carbonyl Iron Particles.
Particulate filler herein is carbonyl iron particle, which is a typical high permeability material having low remanence and high magnetic saturation rate. The material parameters are given as follows: Young's modulus is 210 GPa, Poisson's ratio is 0.33 [31] , and shear modulus is 78.94 GPa. The relative magnetic permeability is assumed to be 100.
Mechanical Properties of Rubber Matrix.
The silicon rubber used as matrix in MREs can be modeled by a form of free energy function of Mooney-Rivlin [32] , which is suitable for moderate finite deformation:
where 1 and 2 are the modified invariants, is the ratio of the deformed elastic volume, and is the bulk modulus. The parameters 10 and 01 are 0.4 MPa and 0.1 MPa, respectively. The initial shear modulus of the silicon rubber can be calculated from = 2( 10 + 01 ) as 1 MPa [33] . It is assumed that Poisson's ratio ] is 0.47 for small compressibility. The relative magnetic permeability of silicon rubber is assumed to be 1. The bulk modulus and the initial Young modulus can be calculated from the following equation as = 16.33 MPa, = 2.94 MPa:
Macro-/Micromechanical Properties of the Isotropic MRE without Magnetic Field
As shown in Figure 2 in ABQAUS/Standard and a tension deformation is applied without a magnetic field. The volume fraction of particles is 0.2. The deformation of RVE with applied periodic boundary condition is shown in Figure 2 (b). Figure 3 shows the macroscopic tension stress-strain curve of the orthotropic MRE. As can be seen from Figure 3 , the stress-strain response of the MRE is nonlinear. The numerical results are consistent with the predictions computed by the double inclusion model and Mori-Tanaka model. It can be obtained from Figure 3 that the initial Young modulus is 4.16 MPa.
Then a RVE with zero magnetic field which has one particle with a volume fraction of 0.2 is established. As can be seen from Figure 4 , periodic boundary condition and shear strain are applied on the RVE. The predicted shear stressstrain curve is presented in Figure 6 . It can be calculated from Figure 5 that the initial shear modulus is 1.56 MPa.
Macro-/Micromechanical Properties of Anisotropic MRE with Magnetic Field
Dipole Models.
In the dipole model, the free energy function in MREs can be decomposed into three parts nominally representing the energy contributions from the matrix, particle, and the coupled interaction of magnetic filed and particles. The magnetic dipolar interaction between adjacent particles in a chain is illustrated in Figure 6 . The dipole model assumes that the interaction energy of the two dipoles is [34] 
where 0 is the vacuum permeability, 1 is the relative permeability, and m is the magnetic dipole moment. It is assumed that per unit volume has pieces of particles, so = 6 / 3 where is the diameter of a particle and is the volume fraction of particles. It is defined that the shear strain is = / 0 and the magnetic energy (per unit volume) is
The initial shear modulus can be obtained by the second differentiation of with respect to . When approaches zero, the contribution to the shear stiffness can be written as 
As is indicated in (13), the magnetic field strength and diameter of particles and the distance between two adjacent particles in a chain are key factors affecting the initial shear modulus.
Magnetic Equations.
In a current free region, where ∇ × H = 0 and H is magnetic field strength, it is possible to define a scalar magnetic potential from the relation H = ∇ . Use the constitutive relation between the magnetic flux density B and magnetic field
together with the following equation:
Then can be obtained from the following equation:
By introducing the Maxwell stress tensor to relate the magnetic field and mechanical field, a two-dimensional plane stress RVE for the MRE is developed in COMSOL Multiphysics to study its response under magnetic field. The magnetic vector potential A in the horizontal direction is input in the top and bottom boundaries. Consider
where A ,0 is the -direction element of A . As shown in Figure 7 , the black arrow is the Maxwell surface stress tensor. It also shows that the magnetic flux density under a horizontal direction in the 2D plane stress for the anisotropic MRE is larger than under a perpendicular direction. Obviously, this is caused by the directivity of the magnetic field. Figure 8 shows the simple shear deformation under a magnetic field using PBC. Modeling analyses on the MREs are implemented to investigate the effect of magnetic field strength, the particle radius, and the distance between two adjacent particles on the shear modules.
Results and Discussions.
As shown in Figures 9, 10 , and 11, the initial shear modulus increases with increasing magnetic flux density and radius of particles and decreasing distance between two adjacent particles in a chain. The simulation results are in good agreement with theoretical results from the dipole model represented by (13) . The magnetic field will cause the magnetic force and thus will result in compression of the matrix (rubber), which is actually magnetic prestressed. This is explained by the fact the particles attract each other and thus increase the stiffness of material in some way. If a shear deformation is implemented, it must overcome the magnetic force in the direction of the magnetic field. So, the shear stress increases with the increase of magnetic flux density. For the same reason, the magnetic force and the shear stress increase with increasing radius of particles and decreasing distance between two adjacent particles.
Conclusion
In this paper, by using ABAQUS and COMSOL Multiphysics, magnetic-mechanical behaviors of MREs are investigated via FE simulations on RVEs with periodic boundary conditions being applied. An analysis of 3D RVE for the MRE without a magnetic field shows that the initial shear modulus of the MRE increases to nearly 1.56 times compared to that of the pure rubber acting as the matrix. A simple shear deformation of plane stress RVE using the Maxwell stress tensor is further implemented to characterize the properties of anisotropic MRE in the presence of a magnetic field. The numerical results show that an increase in initial shear modulus can be achieved when the intensity of magnetic field and radius of particles increase and the distance between two adjacent particles decreases. All the modeling results are in good agreement with theoretical results. Future works will be concentrated on the macro-/micromechanical properties of anisotropic MREs by using three-dimensional FEM. 
